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BI-HARMONIC MAPPINGS AND J. C. C. NITSCHE TYPE CONJECTURE
DAVID KALAJ AND SAMINATHAN PONNUSAMY
ABSTRACT. In this note it is formulated the J. C. C. Nitsche type conjecture for bi-
harmonic mappings. The conjecture has been motivated by the radial bi-harmonic map-
pings between annuli.
1. INTRODUCTION
The bi-harmonic equation of four times continuously differentiable complex-valued
functions u defined in an open and connected set is
∆2u = ∆(∆u) = 0.
It is well known that, a planar harmonic mapping u is bi-harmonic, if and only if u(z) =
|z|2g(z) + h(z), where g and h are harmonic mappings, i.e. the mappings w satisfying
the Laplace equation ∆w = 0 in some subdomain Ω of the complex plane C. Every ana-
lytic function is a harmonic mapping and every bi-holomomorphic function is a harmonic
diffeomorphism. The set A(1, t) := {z : 1 < |z| < t} ⊂ C is called an annulus. It is
well known the Schottky theorem which assert that two annuli can be mapped by mean of
a bi-holomorphic mapping if and only if they have the same modulus.
J. C. C. Nitsche [13] by considering the complex-valued univalent harmonic functions
(1.1) f(z) =
ts− t2
(1− t2)
1
z¯
+
1− ts
1− t2 z,
showed that an annulus 1 < |z| < t can then be mapped onto any annulus 1 < |w| < s
with
(1.2) s ≥ n(t) := 1 + t
2
2t
.
J. C. C. Nitsche conjectured that, condition (1.2) is necessary as well. The critical Nitsche
map with zero initial speed is
f(z) =
1 + |z|2
2z¯
.
This mean that this harmonic function make the maximal distortion of rounded annuli
A(1, t).
Nitsche also showed that s ≥ s0 for some constant s0 = s0(t) > 1. Thus although
the annulus 1 < |z| < t can be mapped harmonically onto a punctured disk, it cannot be
mapped onto any annulus that is “too thin”. For the generalization of this conjecture to Rn
and some related results we refer to [10]. For the case of hyperbolic harmonic mappings we
refer to [4]. Some other generalization has been done in [11]. The Nitsche conjecture for
Euclidean harmonic mappings is settled recently in [5] by Iwaniec, Kovalev and Onninen,
showing that, only radial harmonic mappings g(z) = eiαf(z), where f is defined in (1.1),
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which inspired the Nitsche conjecture, make the extremal distortion of rounded annuli. For
some partial result toward the Nitsche conjecture and some other generalizations we refer
to the papers [1, 2, 3, 6, 7, 8, 12, 14].
In this paper, we will state a similar conjecture with respect to bi-harmonic mappings.
In order to do this, in Section 2 we will find all radial bi-harmonic maps between an-
nuli. In Section 3 we will prove some technical results concerning the radial bi-harmonic
mappings. Section 4 contains the main result which assert that, the class of radial bi-
harmonic diffeomorphisms between two annuli A(1, t) and A(1, s) is nonempty if and
only if s ≥ σ(t) where σ(t) is some constant larger than 1. It remains an open question,
whether this phenomenon remains true for the whole class of bi-harmonic diffeomorphisms
as in harmonic case.
2. RADIAL SOLUTIONS OF BI-HARMONIC EQUATION
A mapping f is called radial if there exists a constant ϕ and a real function g such that
f(reiθ) = g(r)ei(θ+ϕ).
It is well known that, a radial solution u of the harmonic equation is given by u(z) =
Az +B/z¯, where a and b are two complex constants. To prove this we start by Laplacean
in polar coordinates. Let U(r, θ) = u(reiθ). Then ∆u = 0 if and only if
∆U :=
1
r
∂
∂r
(
r
∂U
∂r
)
+
1
r2
∂2U
∂θ2
= 0.
Assuming that U(r, θ) = p(r)eiθ we obtain the equation
1
r2
(r2p′′(r) + rp′(r)− p(r)) = 0.
By taking the change of variables t = log r and P (t) = p(r) we arrive at
P ′′(t)− P (t) = 0
and so, we obtain P (t) = Aet +Be−t and therefore p(r) = Ar +B/r. Thus
u(z) = Az +
B
z¯
.
If v is bi-harmonic, then the mapping u = ∆v is harmonic. If v is radial, then u is radial
as well. It follows that
∆v = Az +
B
z¯
for some real constants A and B. Take V (r, θ) = v(reiθ). Then we have
(2.1)
1
r
∂
∂r
(
r
∂V
∂r
)
+
1
r2
∂2V
∂θ2
=
(
Ar +
B
r
)
eiθ.
Now, we put
V (r, θ) = g(r)eiθ.
Then (2.1) is equivalent with
1
r2
(r2g′′(r) + rg′(r)− g(r)) = Ar + B
r
.
By taking again the change of variables t = log r, G(t) = g(r) we arrive at the equation
G′′(t)−G(t) = Ae3t +Bet.
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Thus
G(t) = de−t + aet + btet + ce3t, a, b, c, d ∈ R
and therefore
(2.2) g(r) =
d
r
+ ar + br log r + cr3.
It follows that, every radial solution of bi-harmonic equation has the form:
f(z) =
d
z¯
+ az + bz log |z|+ c|z|2z.
3. THE TECHNICAL LEMMAS
Remark 3.1. Throughout the paper we will assume that the bi-harmonic mapping f(reit) =
g(r)eit : A(1, t) → A(1, s) maps the inner boundary onto the inner boundary of corre-
sponding annulus, i.e. g defined in (2.2) is increasing. A similar analysis works for the case
when g is a decreasing function. A radial harmonic mapping f , will be called homogeneous
if the initial and final speeds are equal to zero, i.e. if g′(1) = g′(t) = 0
Lemma 3.2. Assume that t > 1 and s > 1. If the function g defined by (2.2) satisfies
g(1) = 1, g(t) = s, g′(1) = x > 0, g′(t) = y > 0, then there exists a function h, such that
h(1) = 1, h(t) = s, h′(1) = 0, h′(t) = 0,
g(r) = A(r) +B(r)s+ U(r)x+ V (r)y,
and
h(r) = A(r) +B(r)s
where
A =
(3 + r2)(r2 − t2)(t2 − 1) + 2r2(3− 2t2 − t4) log r + 2(r4 + t4 + r2(−3 + t4)) log t
4r(−1 + t2)(1− t2 + (1 + t2) log t) ,
B =
2r2(−1− 2t2 + 3t4) log r − (−1 + r2)((−1 + t2)(r2 + 3t2) + 2(−1 + r2)t2 log t)
4rt(−1 + t2)(1− t2 + (1 + t2) log t) ,
U =
−2r2(−1 + t2)2 log r + (−1 + r2)((r2 − t2)(−1 + t2)− 2(r2 − t4) log t)
4r(−1 + t2)(1− t2 + (1 + t2) log t) ,
and
V =
−2r2(−1 + t2)2 log r + (−1 + r2)(−(r2 − t2)(−1 + t2) + 2(−1 + r2)t2 log t)
4r(−1 + t2)(1− t2 + (1 + t2) log t) .
Proof. The proof is length but straightforward and is therefore omitted. 
Lemma 3.3. Under the conditions and notation of Lemma 3.2 there hold the following
relations
(3.1) B′(r) > 0, for 1 < r < t <∞,
(3.2) −A′(r) > 0, for 1 < r < t <∞,
(3.3) A′(t−) = B′(t−) = 0, for 1 < t <∞,
(3.4) − d
dr
A′(r)
B′(r)
> 0, for 1 < r < t <∞,
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(3.5) − d
dr
U ′(r)
B′(r)
> 0, for 1 < r < t <∞,
(3.6)
d
dr
V ′(r)
B′(r)
> 0, for 1 < r < t <∞,
(3.7) lim
r→t−
−A′(r)
B′(r)
=
t(3− 4t2 + t4 + 4t2 log t)
2− 2t2 + log t+ 3t4 log t ,
(3.8) lim
r→t−
−U ′(r)
B′(r)
=
t(−1 + t4 − 4t2 log t)
2− 2t2 + log t+ 3t4 log t ,
(3.9) lim
r→t−
−V ′(r)
B′(r)
= −∞,
(3.10) lim
r→1+
−A′(r)
B′(r)
= − t(−2t
2(−1 + t2) + (3 + t4) log t)
1− 4t2 + 3t4 − 4t2 log t ,
(3.11) lim
r→1+
−U ′(r)
B′(r)
= −∞
and
(3.12) lim
r→1+
−V ′(r)
B′(r)
=
t(−1 + t4 − 4t2 log t)
1− 4t2 + 3t4 − 4t2 log t
The proof of Lemma 3.2 lies on the following lemma.
Lemma 3.4. For all 1 < t, 1 < r < t,
(a) 2r2(−1−2t2+3t4) log r+(1−r2)(3(r2−t2)(−1+t2)+2(1+3r2)t2 log t) > 0,
(b) −2r2(−3+2t2+t4) log r+(r2−1)(3(r2−t2)(−1+t2)+2(3r2+t4) log t) < 0,
(c) (−1+t2)(3(−1+r2)(−r2+t2)+2r2(1+3t2) log r)+2(1+2r2−3r4)t2 log t > 0,
(d) 2(r4 − t2)(t2 − 1) log r + (1− r2)((r2 − t2)(−1 + t2) + 2(r2 − 1)t2 log t) > 0
(e) 1− t2 + (1 + t2) log t > 0.
Proof of Lemma 3.4. By taking the substitution α = r2, β = t2, the inequality (d) o f the
lemma is equivalent with the inequality
h(β) := (α2 − β)(−1 + β) logα+ (α− 1)((β − α)(β − 1) + (1− α)β log β) ≥ 0.
A computation gives
h′(β) = (1 + α2 − 2β) logα− (−1 + α)(2(α− β) + (−1 + α) log β),
h′′(β) = − (−1 + α)(−1 + α− 2β)
β
− 2 logα
and
h′′′(β) =
(−1 + α)2
β2
.
It follows that h′′ is increasing, and therefore
h′′(β) ≥ h′′(α) = −1/α+ α− 2 logα.
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But
(−1/α+ α− 2 logα)′ = (α− 1)
2
α2
,
and therefore −1/α+ α− 2 logα ≥ −1 + 1− 2 log 1 = 0. It follows that
h′′(β) ≥ 0.
Thus, we have
h′(β) ≥ h′(α) = 0.
It follows finally that
h(α) ≥ h(β) = 0.
The proofs of (a), (b) and (c) and (e) are similar to the proof of (d) and are therefore
omitted. 
Proof of Lemma 3.3. First of all
A′(r) =
2r2(3− 2t2 − t4) log r + (r2 − 1)(3(r2 − t2)(−1 + t2) + 2(3r2 + t4) log t)
4r2(−1 + t2)(1− t2 + (1 + t2) log t) ,
B′(r) =
2r2(3t4 − 2t2 − 1) log r + (1− r2)(3(r2 − t2)(−1 + t2) + 2(1 + 3r2)t2 log t)
4r2t(−1 + t2)(1− t2 + (1 + t2) log t) ,
U ′(r) =
(1 + 3r2)(r2 − t2)(t2 − 1) + 2r2(1− t2)2 log r − 2(3r4 − t4 − r2(1 + t4)) log t
4r2(−1 + t2)(1− t2 + (1 + t2) log t) ,
and
V ′(r) =
2r2(1− t2)2 log r + (1− r2)((−1 + t2)(3r2 + t2) + 2(1 + 3r2)t2 log t)
4r2(−1 + t2)(1− t2 + (1 + t2) log t) .
Lemma 3.4(a) and (b) imply thatA′(r) < 0 andB′(r) > 0. This proves the inequalities
(3.1) and (3.2). The relation (3.3) follows at once.
The derivative of the quotient function −A′(r)/B′(r) is
12rt(−1 + t2)(1− t2 + (1 + t2) log t)
× 2(r
4 − t2)(−1 + t2) log r − (−1 + r2)((r2 − t2)(−1 + t2) + 2(−1 + r2)t2 log t)
(2r2(1 + 2t2 − 3t4) log r + (−1 + r2)(3(r2 − t2)(−1 + t2) + 2(1 + 3r2)t2 log t))2 .
Thus, Lemma 3.4(d) and (e) imply that the last expression is positive. Thus (3.4) is proved.
The proofs of (3.5) and (3.6) are similar. The proofs of relations (3.7)-(3.12) are similar to
each other and follow by l’Hopital’s rule. See Figure 1 for the geometric interpretation of
(3.11) and (3.12). 
Lemma 3.5. For every t > 1, and τ = 1+t2 , we have
−A′(τ)
B′(τ)
> 1.
Proof. Namely
−A′(τ)
B′(τ)
> 1
if and only if
ϕ(t) := (1− t2)(9 + 30t+ 9t2 + 8(1 + t)2 log τ)− 2t(9 + 18t+ 17t2 + 4t3) log t > 0.
On the other hand
ϕ(5)(t) =
12(9 + 6t+ 2t2 + 6t3 + 9t4)
t4(1 + t)2
> 0
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1.1 1.2 1.3 1.4 1.5
-0.8
-0.6
-0.4
-0.2
FIGURE 1. These two curves are graphs of the functions−U ′(r)/B′(r)
and −V ′(r)/B′(r) for t = 3/2, and 1 < r < t.
and ϕ(k)(1) = 0, for k = 0, 1, 2, 3, 4. We therefore deduce the following sequence of
inequalities ϕ(4)(t) > 0, ϕ(3)(t) > 0, ϕ′′(t) > 0, ϕ′(t) > 0 and ϕ(t) > 0 for t > 1. 
Lemma 3.6. Under the conditions and notation of Lemma 3.2 we have U ′(r) = V ′(r) if
and only if
r = ρ :=
√
1
6
+
t2
6
+
1
6
√
1 + 14t2 + t4.
Moreover
(3.13) −U ′(ρ) = −V ′(ρ) > 0, −A
′(ρ)
B′(ρ)
> 1.
Proof. As
U ′(r)− V ′(r) = −3r
4 + t2 + r2(1 + t2)
2r2(−1 + t2) ,
it follows that
U ′(r) = V ′(r) if and only if r = ρ :=
√
1
6
+
t2
6
+
1
6
√
1 + 14t2 + t4
or what is the same
t =
ρ
√
−1 + 3ρ2√
1 + ρ2
.
By taking the substitution κ = ρ2 and η = t2, we obtain
−U ′(ρ) = (1 + 3ρ
2)(ρ2 − t2)(t2 − 1)− 2ρ2(1− t2)2 log ρ− (6ρ4 − 2t4 − 2ρ2(1 + t4)) log t
4ρ2(−1 + t2)(1− t2 + (1 + t2) log t)
=
(1 + 3κ)(κ− s)(−1 + η)− κ(−1 + η)2 log κ+ (κ− 3κ2 + η2 + κη2) log η
(2κ(−1 + η)(2− 2η + (1 + η) log η) .
Since
η =
κ(3κ− 1)
1 + κ
and (2− 2η + (1 + η) log η) > 0 for η > 1,
we have to prove that
L(κ) := (1 + 3κ)(κ− s)(−1 + η)−κ(−1 + η)2 log κ+ (κ− 3κ2 + η2 +κη2) log η > 0.
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Then
L(κ) =
κ(−1− 2κ+ 3κ2)
(1 + κ)2
K(κ)
where
K(κ) = −2− 4κ+ 6κ2 + (−1− 2κ+ 3κ2) log κ+ (1− 2κ− 3κ2) log
(
κ(−1 + 3κ)
1 + κ
)
.
Further
K ′′′(κ) =
4(1− 4κ+ 14κ2 + 12κ3 + 9κ4)
κ2(−1 + 2κ+ 3κ2)2 > 0.
Moreover
K ′′(1) = 0, K ′(1) = 0, K(1) = 0
and therefore
K(κ) > 0.
Since r → −A′(r)/B′(r) is increasing and
ρ =
√
1
6
+
t2
6
+
1
6
√
1 + 14t2 + t4 > τ =
1 + t
2
,
by Lemma 3.5 and (3.4), we obtain
−A′(ρ)
B′(ρ)
>
−A′(τ)
B′(τ)
> 1.

4. THE MAIN RESULTS
As a direct corollary of Lemma 3.2 we obtain
Theorem 4.1. If f(reiθ) = h(r)eiθ, h(1) = 1, h(t) = s, h′(1) = 0, h′(t) = 0, is a
radial homogeneous bi-Harmonic diffeomorphism of the annulus A(1, t) onto the annulus
A(1, s), then
s ≥ σ0(t) := t(3− 4t
2 + t4 + 4t2 log t)
2− 2t2 + log t+ 3t4 log t .
The condition is sufficient as well. The critical homogeneous bi-harmonic mapping is
f(z) = h0(r)e
iθ, z = reiθ
where
h0(r) =
(1− t2)(3t2 + 3(3− t2)r2 − r4)
4r(2− 2t2 + log t+ 3t4 log t)
+
(6t4 + 6(1 + t4)r2 − 2r4) log t+ 6(1− t2)2r2 log r
4r(2− 2t2 + log t+ 3t4 log t) .
The function σ0(t) is smaller than the corresponding function n(t) for harmonic mappings.
See Figure 2.
Theorem 4.2 (The main theorem). Let t > 1 and s > 1. If f(reiθ) = g(r)eiθ is a radial
bi-Harmonic diffeomorphism of the annulus A(1, t) onto the annulus A(1, s), mapping the
inner boundary onto the inner boundary, then s ≥ σ(t) where the constant
σ(t) = inf
x≥0,y≥0
sup
1≤r≤t
{−A′(r)
B′(r)
+ x
−U ′(r)
B′(r)
+ y
−V ′(r)
B′(r)
}
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is bigger than 1 and smaller than σ0(t). The condition is sufficient as well. Moreover there
exists a critical mapping f(reit) = g0(r)eit, between annuli A(1, t) and A(1, σ(t)) and it
satisfies the conditions g′0(1) > 0 and g
′
0(t) > 0.
Proof. Under the conditions of the theorem g is non-decreasing. Then
g′(r) ≥ 0, for 1 ≤ r ≤ t,
if and only if
A′(r) +B′(r)s+ U ′(r)x+ V ′(r)y ≥ 0 for 1 ≤ r ≤ t.
Here x = g′(1) and y = g′(t). If
Xn(t) :=
−A′(rn)
B′(rn)
+ xn
−U ′(rn)
B′(rn)
+ yn
−V ′(rn)
B′(rn)
→ σ(t)
then by (3.13)
Xn ≥ −A
′(ρ)
B′(ρ)
+ xn
−U ′(ρ)
B′(ρ)
+ yn
−V ′(ρ)
B′(ρ)
>
−A′(ρ)
B′(ρ)
> 1.
It follows that σ(t) > 1 and that the sequences xn and yn stay bounded when n→∞. On
the other hand, it follows from (3.7)-(3.11) that there exist 1 < τ1(t) < τ2(t) < t such that
the function
p(r) = −U
′(r) + V ′(r)
B′(r)
is negative in intervals [1, τ1] and [τ2, t]. From (3.4), the maximum of
−A′(r)
B′(r) is
−A′(t)
B′(t)
:=
−A′
B′
(t−)
defined in (3.7). Thus there exists a small enough x > 0 such that
−A′(t)
B′(t)
>
−A′(r)
B′(r)
+ xp(r)
for all r : 1 < r < t and fixed t. This means that
σ(t) < σ0(t).
Assume without loos of generality that xn → x0 and yn → y0 and rn → r0. The
sequence gn is monotonic and converges to a strictly monotonic function g0. The resulting
bi-harmonic mapping is critical. Since σ < σ0, because A′(t−) = B′(t−) = 0, U ′(t−) =
0, V ′(t−) = 1 and (−U ′/B′)(t−) > 0 it follows that x0 > 0, y0 > 0 and r0 < t. 
Remark 4.3. (a) For given t > 1 do there exists some constant s(t) > 1 such that,
the class of bi-harmonic diffeomorphisms between annuli A(1, t) and A(1, s(t))
is empty?
(b) If the answer to the question a) is affirmative, does s(t) = σ(t)? In [10] the
first author proved that, if ∆u is small enough, then the answer of question (a) is
affirmative.
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FIGURE 2. The curve above (below) corresponds to the critical har-
monic (bi-harmonic) mappings between annuli A(1, t), and A(1, ω(t)),
where ω(t) = σ0(t) and ω(t) = n(t) respectively (1 < t ≤ 3).
REFERENCES
[1] ASTALA, K.; IWANIEC, T.; MARTIN, G.: Deformations of annuli with smallest mean distortion. Arch.
Ration. Mech. Anal. 195(3)(2010), 899–921.
[2] ASTALA, K., IWANIEC, T., MARTIN, G.J.: Elliptic Partial Differential Equations and Quasiconformal
Mappings in the Plane. Princeton University Press, Princeton, 2009.
[3] ASTALA, K., IWANIEC, T., MARTIN, G., ONNINEN, J.: Extremal mappings of finite distortion. Proc.
London Math. Soc. 91(3)(2005), 655–702.
[4] HAN, Z.-C.: Remarks on the geometric behavior of harmonic maps between surfaces. Chow, Ben (ed.) et
al., Elliptic and parabolic methods in geometry. Proceedings of a workshop, Minneapolis, MN, USA, May
23–27, 1994. Wellesley, MA: A K Peters. 57-66 (1996).
[5] IWANIEC, T., KOVALEV, L. K., ONNINEN, J.: The Nitsche conjecture, To appear in Journal of American
Mathematical Society, arXiv:0908.1253.
[6] IWANIEC, T., KOVALEV, L. K., ONNINEN, J.: Doubly connected minimal surfaces and extremal harmonic
mappings, To appear in Journal of geometric analysis, arXiv:0912.3542
[7] IWANIEC, T., ONNINEN, J.: Hyperelastic deformations of smallest total energy. Arch. Ration. Mech. Anal.
194(3)(2009), 927–986.
[8] KALAJ, D.: Deformations of annuli on Riemann surfaces with smallest mean distortion. ArXiv:1005.5269.
[9] KALAJ, D.: Harmonic maps between annuli on Riemann surfaces. To appear in Israel J. Math.
(arXiv:1003.2744).
[10] KALAJ, D.: On the univalent solution of PDE ∆u = f between spherical annuli. J. Math. Anal. Appl.
327(1)(2007), 1–11.
[11] KALAJ, D.: On the Nitsche conjecture for harmonic mappings in R2 and R3. Israel J. Math. 150(2005),
241–251.
[12] LYZZAIK, A.: The modulus of the image of annuli under univalent harmonic mappings and a conjecture of
J. C. C. Nitsche. J. London Math. soc., 64(2) (2001), 369–384.
[13] NITSCHE, J.C.C.: On the modulus of doubly connected regions under harmonic mappings, Amer. Math.
Monthly 69(1962), 781–782.
[14] WEITSMAN, A.: Univalent harmonic mappings of annuli and a conjecture of J.C.C. Nitsche. Israel J. Math.
124(2001), 327–331
UNIVERSITY OF MONTENEGRO, FACULTY OF NATURAL SCIENCES AND MATHEMATICS, CETINJSKI PUT
B.B. 81000, PODGORICA, MONTENEGRO
E-mail address: davidkalaj@gmail.com
DEPARTMENT OF MATHEMATICS, INDIAN INSTITUTE OF TECHNOLOGY MADRAS, CHENNAI-600 036,
INDIA.
E-mail address: samy@iitm.ac.in
